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Abstract
The existence, uniqueness and multiplicity of positive solutions of the following
boundary value problem is considered:
u(4)(t)− λf (t, u(t))= 0, for 0 < t < 1,
u(0)= u(1)= u′′(0)= u′′(1)= 0,
where λ > 0 is a constant, f : [0,1] × [0,+∞)→[0,+∞) is continuous.  2002 Elsevier
Science (USA). All rights reserved.
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1. Introduction
This paper deals with the existence of positive solutions of the boundary value
problem
u(4)(t)− λf (t, u(t))= 0, for 0 < t < 1, (1.1)
u(0)= u(1)= u′′(0)= u′′(1)= 0, (1.2)
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where it will be assumed throughout that λ is a positive constant, f : [0,1] ×
[0,∞) → [0,∞) is continuous and f (t, u) > 0 for u > 0 and t ∈ [1/4,3/4].
We are interested in determining the values of λ for which one positive solution
of problem (1.1)–(1.2) exists, and we also study the equation of when there
exists more than one positive solution for a given value of λ. Moreover, we
consider the uniqueness and the existence of infinitely many positive solutions
of problem (1.1)–(1.2).
Problem (1.1)–(1.2) has received considerable attention (see [1–5]). In [3], Ma
et al. obtained the existence of one positive solution under the assumptions that f
is superlinear or sublinear. In [5], Yao et al. proved problem (1.1)–(1.2) has one
or two positive solutions for some λ under the assumptions that f0 = f∞ = 0 or
f0 = f∞ =∞. Recently, Liu et al. [6] showed the existence of one or two positive
solutions under f0, f∞ /∈ {0,∞} for some second-order problems.
This paper shows the existence of one or two positive solutions of problem
(1.1)–(1.2) for some λ under f 0, f∞, f 0, f ∞ /∈ {0,∞} and improves the results
in [3,5]. Moreover, under the assumption that f (t, u) is monotone increasing in u,
we get the uniqueness result and the result of the existence of infinitely many
positive solutions. The tools we mainly used are fixed-point theorem and degree
theory. We give some notations to end this section:
P =
{
u | u ∈C[0,1], u 0, min
1/4t3/4
u(t) ‖u‖
4
}
,
Pr =
{
u ∈ P | ‖u‖ r},
where ‖u‖ = max0t1 u(t);
f 0 = lim
u→0+
min
0t1
f (t, u)
u
, f 0 = lim
u→0+
max
1/4t3/4
f (t, u)
u
,
f ∞ = lim
u→∞
min
0t1
f (t, u)
u
, f∞ = lim
u→∞ max1/4t3/4
f (t, u)
u
,
A= max
0t1
1∫
0
1∫
0
K(t, s)K(s, x) dx ds = 5
384
,
B = min
1/4t3/4
1∫
0
3/4∫
1/4
K(t, s)K(s, x) dx ds = 13
2084
;
here, K(t, s) is defined as
K(t, s)=
{
t (1− s), 0 t  s  1,
s(1− t), 0 s  t  1.
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2. Preliminaries and lemmas
In this section, we give some lemmas that are important to our main results.
Lemma 2.1 [7]. Let P is a cone of Banach space X. For r > 0, define Pr =
{x ∈ P | ‖x‖  r}. Assume that T :Pr → P is a compact operator such that for
any x ∈ ∂Pr = {x ∈ P | ‖x‖ = r}, there is T x = x .
(1) If for any x ∈ ∂Pr there is ‖x‖ ‖T x‖, then i(T ,Pr ,P )= 0;
(2) If for any x ∈ ∂Pr there is ‖x‖ ‖T x‖, then i(T ,Pr ,P )= 1.
According to [3], problem (1.1)–(1.2) has a solution u= u(t) if and only if u
solves the operator equation
u(t)= T u(t) := λ
1∫
0
[ 1∫
0
K(t, s)K(s, x)f
(
x,u(x)
)
dx
]
ds.
It is well known that T :P → P is completely continuous.
Lemma 2.2. Suppose f : [0,∞)→[0,∞) is continuous, λ > 0 is a constant, and
F is given by
Fu(t)= λ
1∫
0
1∫
0
K(t, s)K(s, x)f
(
u(x)
)
dx ds.
If
lim
t→0
f (t)
t
= lim
t→∞
f (t)
t
=∞,
there exist 0 < r0 < R0 < +∞ such that i(F,Pr ,P ) = 0, for 0 < r  r0; and
i(F,Pr ,P )= 0, for r R0.
Proof. It follows from [3,5] and Lemma 2.1. ✷
Lemma 2.3. If there is l > 0 such that
(1) max
0t1, 0ul
f (t, u) l
λA
,
then i(T ,Pl,P )= 1;
(2) min
1/4t3/4, l/4ul
f (t, u) l
λB
,
then i(T ,Pl,P )= 0.
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Proof. (1) Given u ∈ ∂Pl , for 0 t  1, there is f (t, u(t)) l/λA. Therefore,
(T u)(t)= λ
1∫
0
[ 1∫
0
K(t, s)K(s, x)f
(
x,u(x)
)
dx
]
ds
< λ
1∫
0
[ 1∫
0
K(t, s)K(s, x) dx
]
ds · l
λA
< l = ‖u‖.
That is, ‖T u‖< ‖u‖, for u ∈ ∂Pl . By Lemma 2.1, i(T ,Pl,P )= 1.
(2) Given u ∈ ∂Pl , for 1/4  t  3/4, l/4  u(t)  l, f (t, u(t))  l/λB .
Hence,
(T u)(t)= λ
1∫
0
[ 1∫
0
K(t, s)K(s, x)f
(
x,u(x)
)
dx
]
ds
> λ
1∫
0
[ 3/4∫
1/4
K(t, s)K(s, x) dx
]
ds · l
λB
> l = ‖u‖.
That is, ‖T u‖> ‖u‖, for u ∈ ∂Pl . By Lemma 2.1, i(T ,Pl,P )= 0. ✷
3. Existence and multiplicity
First, we define
λ1 = 1
A
inf
r>0
r
max0t1, 0ur f (t, u)
,
λ2 = 1
A
sup
r>0
r
max0t1, 0ur f (t, u)
,
λ∗1 =
1
B
inf
r>0
r
min1/4t3/4, r/4ur f (t, u)
,
λ∗2 =
1
B
sup
r>0
r
min1/4t3/4, r/4ur f (t, u)
.
Theorem 3.1. Suppose f 0, f ∞ > π
4
. For λ > 1, problem (1.1)–(1.2) has at
least two positive solutions if λ ∈ (λ1, λ2).
Proof. For r > 0, let
q(r)= r
A max
0t1, 0ur
f (t, u)
;
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then q : (0,+∞) → (0,+∞) is continuous. This, together with the fact that
f 0, f ∞ > π
4
, yields
lim
r→0q(r) <
1
Aπ4
, lim
r→∞q(r) <
1
Aπ4
.
Therefore, 0  λ1 = infr>0 q(r) < λ2 = supr>0 q(r) <+∞. Thus, for λ1 < λ <
λ2, there exists 0 < r0 <+∞ such that q(r0)= λ. This implies
f (t, u) r0
λA
, t ∈ [0,1], u ∈ [0, r0].
By Lemma 2.3,
i(T ,Pr0,P )= 1. (3.1)
Fix 0<m< 1 < n, and for u 0 let f1(u)= um + un; then f1(u) satisfies
lim
t→0
f1(t)
t
= lim
t→∞
f1(t)
t
=∞.
Define F1 :P → P by
F1u(t)= λ
1∫
0
1∫
0
K(t, s)K(s, x)f1
(
u(x)
)
dx ds.
By Lemma 2.2, we have that there exist r1, r2 with 0 < r1 < r0 < r2 <∞ such
that for 0 < r < r1,
i(F1,Pr ,P )= 0; (3.2)
and for r  r2,
i(F1,Pr ,P )= 0. (3.3)
Define H : [0,1] × P → P by H(s,u) = (1 − s)T u + sF1u; then H is a
completely continuous operator. From f 0 > π
4 and the definition of f1, there
are ! > 0 and 0 < r1  r1 such that
f (t, u) (π4 + !)u, ∀0 t  1, 0 u r¯1,
f1(u) (π4 + !)u, ∀0 u r¯1.
We now prove that H(s,u) = u for all 0  s  1 and u ∈ ∂Pr1 . In fact, if there
exist 0  s0  1 and u0 ∈ ∂Pr1 such that H(s0, u0) = u0, u0(t) satisfies the
equation
u
(4)
0 (t)= (1− s0)λf
(
t, u0(t)
)+ s0λf1(u0(t)) (3.4)
and the boundary value conditions
u0(0)= u0(1)= u′′0(0)= u′′0(1)= 0.
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Multiplying (3.4) by sinπt , integrating from 0 to 1, and then integrating by parts
on the left-hand side four times, we have
π4
1∫
0
u0(t) sinπt dt  λ(π4 + !)
1∫
0
u0(t) sinπt dt.
Since
∫ 1
0 u0(t) sinπt dt > 0 and λ  1, we have π4  π4 + !, which is a
contradiction. By (3.2) and the homotopy invariance of the fixed-point index [8],
we get
i(T ,Pr1,P )= i
(
H(0,0),Pr1,P
)= i(H(1,0),Pr1,P )
= i(F1,Pr1,P )= 0. (3.5)
On the other hand, from f ∞ > π
4 and the definition of f1, there exist ! > 0 and
M > 0 such that
f (t, u) (π4 + !)u, ∀0 t  1, u >M, (3.6)
f1(u) (π4 + !)u, ∀u >M. (3.7)
Setting
C = max
0t1, 0uM
∣∣f (t, u)− (π4 + !)u∣∣
+ max
0uM
∣∣f1(u)− (π4 + !)u∣∣+ 1,
then
f (t, u) (π4 + !)u−C, ∀0 t  1, u 0, (3.8)
f1(u) (π4 + !)u−C, ∀u 0. (3.9)
We now prove that there exists r2 > r2 such that H(s,u) = u for any 0 s  1
and u ∈ P , ‖u‖  r2. In fact, if there exist 0  s0  1 and u0 ∈ P satisfies
H(s0, u0)= u0, by (3.8), (3.9), and the boundary conditions,
π4
1∫
0
u0(t) sinπt dt  λ
[
(π4 + !)
1∫
0
u0(t) sinπt dt −C
1∫
0
sinπt dt
]
.
Since λ 1,
1∫
0
u0(t) sinπt dt 
C
!
· 2π.
Since u0 ∈ P , min1/4t3/4 u0(t) ‖u0‖/4, it follows that
‖u0‖
4

3/4∫
1/4
u0(t) sinπt dt 
2Cπ
!
.
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Therefore, ‖u0‖  8Cπ/! =: r˜ . Let r2 = max{r2, r˜}; then H(s,u) = u for any
0  s  1 and u ∈ P , ‖u‖  r2. By (3.3) and the homotopy invariance of the
fixed-point index, we have that
i(T ,Pr2,P )= i
(
H(0,0),Pr2 ,P
)= i(H(1,0),Pr2,P )
= i(F1,Pr2,P )= 0. (3.10)
Combining (3.1), (3.5), and (3.10) yields
i
(
T ,Pr2 \ P r0,P
)=−1, i(T ,Pr0 \ P r1,P )= 1.
Hence, T has two fixed points u1 and u2 in Pr2 \ P r0 and Pr0 \ P r1 , respectively.
This means that u1(t) and u2(t) are positive solutions of problem (1.1)–(1.2) and
0 < ‖u1‖< r0 < ‖u2‖. The proof is complete. ✷
Theorem 3.2. Suppose f 0 < π4, f∞ < π4. For λ 1, problem (1.1)–(1.2) has
at least two positive solutions if λ ∈ (λ∗1, λ∗2).
Proof. For r > 0, let
p(r)= r
B min1/4t3/4, r/4ur f (t, u)
;
then p : (0,+∞)→ (0,+∞) is continuous. This together with f 0 < π4, f∞ <
π4 yields
lim
r→0
p(r) >
1
Bπ4
, lim
r→∞
p(r) >
1
Bπ4
.
Then, 0 < λ∗1 = infr>0 p(r) < λ∗2 = supr>0 p(r)  +∞. For λ∗1 < λ < λ∗2, there
is 0 <R0 <+∞ such that
p(R0)= λ.
This implies
f (t, u) R0
λB
, for t ∈
[
1
4
,
3
4
]
, u ∈
[
R0
4
,R0
]
.
Therefore, with the use of Lemma 2.3, we have that
i(T ,PR0,P )= 0.
Define H1 : [0,1] × P → P by H1(s, u) = sT u; then H1 is a completely con-
tinuous operator. Noting that
i
(
H1(0,0),Pr,P
)= i(0,Pr,P )= 1,
the rest of the proof is similar to that of Theorem 3.1. ✷
Using arguments similar to those used in the proofs of Theorems 3.1 and 3.2,
we obtain the following three theorems.
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Theorem 3.3. Suppose f 0 > π
4 or f ∞ > π
4
. For λ  1, problem (1.1)–(1.2)
has one positive solution if λ ∈ (λ1, λ2).
Theorem 3.4. Suppose f 0 < π4 or f∞ < π4. For λ  1, problem (1.1)–(1.2)
has one positive solution if λ ∈ (λ∗1, λ∗2).
Theorem 3.5. For λ 1, problem (1.1)–(1.2) has one positive solution if
(1) f 0 < π4 and f ∞ > π4, or
(2) f 0 > π4 and f∞ < π4.
Remark. In this section, by used the homotopy method, we show the relation
between the existence of positive solutions of (1.1)–(1.2) and the principal eigen-
value π4. We did not ask f 0, f∞, f 0, f ∞ ∈ {0,∞}, therefore Theorems 3.1–3.4
improve [5, Theorems 2.1–2.4] and Theorem 3.5 improves [3, Theorem 1].
Example 1. Consider the boundary value problem
u(4) = λf (u), (3.11)
u(0)= u(1)= u′′(0)= u′′(1)= 0, (3.12)
where λ > 0 and f is given by
f (u)=


(π4 + 1)u, 0 u < 1,
π4 + 1, 1 u π4 + 1,
(π4 + 1)(u− π4), u > π4 + 1.
We compute that f 0 = f ∞ = π4 + 1 > π4, λ1  0.7804, λ2 = 76.8. By
Theorem 3.1, problem (3.11)–(3.12) has at least two positive solutions for λ ∈
[1,76.8).
Example 2. Consider the boundary value problem
u(4) = λ[(π4 − 1)u+ u2], (3.13)
u(0)= u(1)= u′′(0)= u′′(1)= 0, (3.14)
where λ > 0. It is easy to check that f 0 = π4 − 1 < π4, f ∞ = ∞ > π4.
Condition (1) of Theorem 3.5 is fulfilled, therefore, for λ  1, problem (3.13)–
(3.14) has one positive solution.
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4. Infinitely many positive solutions
Theorem 4.1. Suppose that f (t, u) is monotone increasing in u. For λ > 0,
problem (1.1)–(1.2) has a row of positive solutions u∗n ∈ P such that ‖u∗n‖ →
+∞, if
lim
u→∞
max0t1 f (t, u)
u
<
1
λA
, lim
u→∞
min1/4t3/4 f (t, u)
u
>
4
λB
.
Proof. Since
lim
u→∞
max0t1 f (t, u)
u
<
1
λA
and the fact that f (t, u) is monotone increasing about u, there exist {an},
an →∞, such that
max
0t1, 0xan
f (t, x)= max
0t1
f (t, an) <
an
λA
.
On the other hand,
lim
u→∞
min1/4t3/4 f (t, u)
u
>
4
λB
implies that there exist {bn}, bn →∞, such that
min
1/4t3/4, bn/4xbn
f (t, x)= min
1/4t3/4
f
(
t,
bn
4
)
>
bn
λB
.
Without loss of generality, we can suppose that
a1 < b1 < a2 < b2 < · · ·< an < bn < · · · .
By Lemma 2.3 and the theory of fixed-point indexes, we know there exists a
row of positive solutions u∗n ∈ Pbn \ Pan ⊂ P satisfying an  ‖u∗n‖  bn and
‖u∗n‖→+∞. The proof is complete. ✷
Similarly, we get the following theorem.
Theorem 4.2. Suppose that f (t, u) is monotone increasing in u. For λ > 0,
problem (1.1)–(1.2) has a row of positive solutions u∗n ∈ P such that ‖u∗n‖→ 0,
if
lim
u→0+
max0t1 f (t, u)
u
<
1
λA
, lim
u→0+
min1/4t3/4 f (t, u)
u
>
4
λB
.
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5. Uniqueness result
In this section, we let Sp(f ) be the set of values of λ for which problem (1.1)–
(1.2) has a positive solution.
Theorem 5.1. Suppose f (t, u) : [0,1]× [0,∞)→ (0,∞) is monotone increasing
in u. If f (t, u)/u is monotone in u, for each λ ∈ Sp(f ) there exists at most one
solution of problem (1.1)–(1.2).
Proof. Assume that u1, u2 are two distinct solutions corresponding to λ; i.e.,
u
(4)
i (t)− λf (t, ui(t))= 0,
ui(0)= ui(1)= u′′i (0)= u′′i (1)= 0 (i = 1,2).
We first prove that there exist two solutions of problem (1.1)–(1.2) that are
ordered and then use the monotonicity of f (t, u)/u to obtain a contradiction.
Let φ0(t) = min{u1(t), u2(t)}, t ∈ [0,1]. With the use of the fact that f (t, u)
is monotone increasing in u, we have that
T φ0(t)= λ
1∫
0
1∫
0
K(t, s)K(s, x)f
(
x,φ0(x)
)
dx ds
 λ
1∫
0
1∫
0
K(t, s)K(s, x)min
{
f
(
x,u1(x)
)
, f
(
x,u2(x)
)}
dx ds
min
{
λ
1∫
0
1∫
0
K(t, s)K(s, x)f
(
x,u1(x)
)
dx ds,
λ
1∫
0
1∫
0
K(t, s)K(s, x)f
(
x,u2(x)
)
dx ds
}
= φ0(t).
Thus, T φ0  φ0. This, together with f (t,0) > 0, implies that {T nφ0}∞n=0 de-
creases to a positive solution u3(t) and
u3(t)min
{
u1(t), u2(t)
}
, t ∈ [0,1].
If u1 and u2 are not ordered, then u3 = u1 and u3 = u2; therefore u3(t)  u1(t)
and u3(t) u2(t); if u1 and u2 are ordered, say u1(t) u2(t), then u3(t)= u1(t).
In any case, we may assume there exist two ordered solutions u3(t) and u2(t) such
that
u3(t) u2(t), t ∈ [0,1].
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Setting
ω(t)= u′′′2 u3 − u′′′3 u2 + u′′3u′2 − u′′2u′3,
we have
ω′(t)= u(4)2 u3 − u(4)3 u2;
i.e.,
ω′(t)+ λu2(t)u3(t)
(
f (t, u2(t))
u2(t)
− f (t, u3(t))
u3(t)
)
= 0, t ∈ (0,1),
and ω(0)= ω(1)= 0. This is impossible since(
f (t, u2(t))
u2(t)
− f (t, u3(t))
u3(t)
)
is of one sign on (0,1). ✷
Example 3. Consider the boundary value problem
u(4) = λf (t, u), (5.1)
u(0)= u(1)= u′′(0)= u′′(1)= 0, (5.2)
where f (t, u) = ecos t [√u + 1], f : [0,1] × [0,∞) → (0,+∞) is monotone
increasing in u and f (t, u)/u = ecos t [√u+ 1]/u is monotone decreasing in u.
Combined Theorems 3.5 and 5.1, problem (5.1)–(5.2) has a unique positive
solution for λ 1.
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